Abstract: We present a novel approach to the synthesis of incompletely specified reversible logic functions. The method is based on cube grouping; the first step of the synthesis method analyzes the logic function and generates groupings of same cubes in such a manner that multiple sub-functions are realized by a single Toffoli gate. This process also reorders the function in such a manner that not only groups of similarly defined cubes are joined together but also don't care cubes. The proposed method is verified on standard benchmarks for both reversible and irreversible logic functions. The obtained results show that for functions with a significant portion of don't cares the proposed method outperforms previously proposed synthesis methods.
Introduction
Reversible Logic Synthesis has been quite actively pursued over approximately the last ten years, mainly due to the fact that quantum computing is naturally a reversible computational system [1] and due to the possibility of building a quantum computer in close future. The reversible logic has been recently gaining some popularity due to the possibility that the quantum computer will be soon realized.
The realization of the quantum computer is motivated by the fact that the current technology is approaching the Moore's limit of transistor integration and the size of a single transistor will soon approach the size of a single elementary particle. At that level, quantum laws are predominant and thus they must be integrated in the design and in the computational paradigms. The reversible logic is well situated to be implemented in quantum technology because quantum technology is naturally reversible. Thus it is reasonable that the reversible logic is increasing in popularity and that more and more synthesis and design methods are being developed.
he reversible logic synthesis of incompletely specified functions takes as input a function that contains don't cares in its Karnaugh Map (KMap) and generates a reversible circuit. Up to now few approaches have been proposed for solving problem (as opposed to the fully specified reversible functions). For instance [2] used an ESOP based synthesis where for each cube a single multiple-control Toffoli (MCT) gate was generated. Another approach was proposed more recently [3] where the authors applied BDD (with modified nodes) as the synthesis method of reversible circuits (each node of the BDD was treated as a reversible expansion). Also in [4] several incompletely specified functions are synthesized using an evolutionary automated logic synthesizer.
In this paper we examine a simple heuristic used for the synthesis of reversible logic circuits. In this approach the circuit is analyzed at the level of overlapping control bits allowing to minimize the number of redundant logic gates. This is performed while the circuit is being designed only with Toffoli (CCNOT) gates. In general a function with n inputs require a certain amount of ancilla bits to make the function reversible. Depending on the algorithms the amount of ancilla bits can be either minimal -maximum n -or can be much larger. In the proposed algorithm, the circuits constructed always have at maximum n − 1 ancilla bits and when compared to methods where more than two control bit Toffoli gates are used the amount of ancilla bits is the same. Finally the proposed method is suitable for such implementations as the Linear Nearest Neighbor (LNN) model of quantum circuits as most of the gates are Toffoli gates acting on neighboring bits.
The paper is organized as follows. Section 2 introduces the basic principles of reversible logic circuits. In Section 3 each step of the proposed synthesis method is introduced and explained. Section 5 describes the experiments and the results. Section 6 concludes this paper.
Reversible Logic Basics
Most of developed design methodologies are based on reversible logic gates such as Toffoli or Fredkin gates. The most common is using Toffoli gates [5, 6] (Fig. 1 ) however other less popular approaches using for instance Fredkin gates have been proposed [7, 8] . Fig. 1(b) ) of the Toffoli gate and its pictorial representation ( Fig. 1(a) ). Observe, that the gate is reversible because the mapping F : I → O allows one to compute the inverse mapping F −1 : O → I; the implemented logic is bijective. The reason that the Toffoli gate is popular in the reversible logic synthesis approaches is the fact that it is the universal reversible gate with the smallest number of variables. This can be also seen when the rows of the truth table are reordered properly: the reordering is performed so that the two bits a and b become the data inputs and the output bit c is the result carrying the output. This can be seen in the Table 1(c). Observe that the reordered Toffoli gate becomes a controlled NAND gate and controlled AND gate (of the a and b variables) for different values of the c control variable (Figure 1(c) ). Thus the Toffoli gate can be seen as the direct implementation of the universal irreversible NAND gate, although in fact, it is something more than NAND -it embeds NAND.
The algorithm developed in this paper uses only Toffoli gates and the Feynman gate. The Feynman gate is shown in Fig. 2 . The Feynman gates are in two variants; Feynman gate with positive control bit is shown in Fig. 2(a) and Feynman gate with negative control bit is shown in Fig. 2(b) [9] .
Because the Toffoli gate has two control bits the binary combination of two variables allows to define four different Toffoli gates. These Toffoli gates have controls on the adjacent bits but each type of Toffoli gate has controls according to • 
Proposed Cube-Reordering (CR) Algorithm
The algorithm studied in this paper is based on very simple principles:
• Eliminate redundant cubes of Toffoli gates connected in series represented as a SOP logic form
• Synthesize circuits only from two controlled bit Toffoli gates
• Restore bit values only if necessary
• Design circuits in a hierarchical manner
Because the main strategy for minimizing and designing reversible circuits of this algorithm is the re-ordering of the input vectors (cubes) the algorithm is called Cube-Reordering (CR) algorithm. To illustrate the points mentioned above the following example is used.
Example 3.1 Let's look at the definition of the function called 4gt11 (a logical detector of an integer greater than 11 encoded on 4 bits). This function is given in Table 1 which specifies only the ones of the function. Assume that the output bit is set to value 0, then only four minterms need to be designed using logic gates to satisfy the specifications. This is because only for outputs of the desired logic function have value 1. The first observation that can be made is that all four minterms are defined for the same values on the bits ab . Thus one can start to create a Toffoli gate and Fig. 4 . Observe that there are n − 1 ancilla bits in Fig. 4 . As will be seen later, this is the initial configuration of the circuit; for each input bit after the second one one ancilla bit is added. These ancilla bits are used to route the output of the above Toffoli gates if needed. For instance, the first ancilla bit in Fig. 4 is used to represent the ab term. The next step start by observing that for the input values ab there are all four combinations of the cd bits, in particularcd,cd, cd and cd. One can reorder the input minterms with the goal of minimizing the number of required control bits; this means that we order the Toffoli gates defined on the bits d and c in natural binary order 00, 01, 10 and 11. This is shown in Fig. 5 . Later it will be shown how such natural order is used to remove adjacent Toffoli gates. This simplified circuit then can be further modified to satisfy some technological constraints (for instance the LNN model) as well as the unused ancilla bits can be removed. The final circuit is shown in Fig. 7 . Observe that at this level the cost of the synthesized circuit (5 elementary quantum gates) is lower than the one reported in the RevLib benchmarks (7 gates) [7, 10, 11] .
The cost function used in this paper is based solely on the cost of the Toffoli gates; a two-control bit Toffoli gate has a cost of 5 and any Feynman gate has a cost of 1 [10] . In the used cost function any additional gates such as SWAP gates or the single bit NOT gates are not taken into account when calculating the cost.
From Example 3.1 one can observe a multi-level ordering. Because we are restricting the proposed method only to use two-bit controlled Toffoli gates, the ordering is based on a two bit patterns of the input bits. Thus in general for any reversible circuit of an incompletely specified function the method orders all bits in a two by two manner starting on from the top most bits and ending on the lowest ones. The ordering is as described above a natural order but is augmented by the don't cares so that the input cubes follow the order given by −−, −0, −1, 0−, 1−, 00, 01, 10, 11.
Example 3.2
To understand better the proposed method a more complex example function with eleven input variables and three output variables is shown in Table 2 . The format of definition is a PLA format; each column specifies the value of output bits o 0 to o 2 for a cube defined on input bits a to k. This function has in its definition some don't cares that are denoted by d in the Table 2 .
Before continuing we introduce an encoding of pairs of values of adjacent bits. This means that for every two adjacent bits and starting from the top of the function definition Table 2 we assign a pair of identical values to the adjacent bits in the particular column using the encoding shown in Table 3 . Table 2 . The function specification Table 3 . Encoding of the incompletely defined two-bit cubes. q t stands for top bit and q b is the bottom bit for any two adjacent bits in a quantum circuit.
The resulting encoding of Table 2 is shown in Table 4 . Observe that the encoding is done two by two bits and thus the encoding is identical for two bits in each pairs ab, cd, ef, gh, ij and k.
Following the steps described in the previous example, one starts by ordering the input vectors (columns) two bits by two bits, from the topmost down to the bottom one. First the two top most bits are ordered, and then recursively the bits below are reordered. The ordering uses natural order of the encoding and thus ultimately the input vectors are ordered in groups, where each group of adjacent input vectors has a common Toffoli gate. Conversely, each adjacent Toffoli gate is placed in natural increasing order of is control input variables.
In other words, ordering each pair of bits creates groups of minterms with common two bits. Then, for each group of input minterms having common upper bits, a reordering is performed two-by-two bits resulting in the Table 5 . Observe that in Table 5 the first column is a single group because it has the two topmost bits Table 4 . The function from Table 2 encoded by two bit control types. a 7 9 9 9 9 9 9 9 9 9 b 7 9 9 9 9 9 9 9 9 9 c 10 8 8 8 8 8 8 8 8 8  d  10 8 8 8 8 8 8 8 8 8  e  10 2 3 2 2 2 2 2 2 2  f  10 2 3 2 2 2 2 2 2 2  g  10 3 4 2 3 2 3 2 3 2  h  10 3 different from the rest of the input minterms. For the group of minterms with the top most bits encoded by 9, bits e and f creates a two new subgroups with values 2 and 3. Next, for the bits e and f having 2 as encoding, the bits g and h creates two new groups with values of encoding 2 and 3. Recursively applying this approach creates the Table 5 . Table 5 . The function from Table 2 ordered and encoded by two bit control types. a 7 9 9 9 9 9 9 9 9 9 b 7 9 9 9 9 9 9 9 9 9 c 10 8 8 8 8 8 8 8 8 The next step after the 
end if 16: end if 17: end for 18 : end for being 10 (don't care) (line 1) and to the size equal to the table defining the original function (in this case 11×10 -we ignore the output bits for the simplicity). Starting in the top left corner of Table 5 (line 2) the temporary variable is set to 10 (line 3). Then traversing each line in the table (variable), each time that the temporary variable B is not equal to the current value -skipping don't cares (line 5) -(indexed by i and j) (line 6), the new value is written to B (line 7). At the same time, in the activation table it is written either c (positive control bit) or n (negative control bit). Also observe that when a don't care is encountered nothing is written in the corresponding location of the activation table (Table 6 ) but when the value of at the i j th location in the function table is equivalent to B a don't care sign "-" is written in the activation table (line 14).
The Table 6 is the result of the process described above and in the Algorithm 1. The reason this table is called activation table is because each time a letter is written to a location, it represents the fact that a new Toffoli gate has to be inserted -a new gate is activated. The result of this process is a number of letters corresponding to positive and negative control bits of the required Toffoli gates.
The final step is to decide how to place and how to count the Toffoli gates from Table 1 . For more complex circuit the proposed method offers two possibilities. Making the assumption (as in [3] ) that ancilla bits are available in arbitrary numbers, for each group of cubes one ancilla bit can be introduced into the circuit. To be more precise, each time a Toffoli gate is created an ancilla bit can be inserted Table 6 . The reversible cascade specified by the required control changes -the activation table. (Table T) Fig. 8 . The five first columns of the resulting circuit created from Table 6 by a direct mapping to Toffoli gates with one ancilla bit per inserted Toffoli gate.
where required. This ancilla bit insertion results in the fact that no Toffoli gate has to be repeated because each Toffoli gate output bit is different. In such case a partial result (the first five columns of Table 6 ) is shown in Fig. 8 .
Continuing in this manner for all groups of two bit until the bottom of the reversible cascade, one obtain a realization of the reversible function that could in Fig. 9 . The five first columns of the resulting circuit created from Table 6 by a direct mapping to Toffoli gates with the restoration of the ancilla bits for later usage. the worst case require 2 n ancilla bits. This naturally is not acceptable, however for functions that have a high number of don't cares this approach generates results that are less costly in the number of gates as well as in the number of ancilla bits compared with any previously presented approach.
On the other hand, it is possible to design the circuit with a linear number of ancilla bits with a certain number of additional Toffoli gates that have to be inserted. This means that besides each input variable bit we insert an ancilla bit that will be used as the output of a Toffoli gate generating an intermediate result. The additional Toffoli gates are required because these ancilla bits are reused by Toffoli gates in the later stages of the circuit and thus the ancilla bit must be restored to its initial value. This means that in the worst case the number of ancilla bits added is n − 1. The result of this approach after the first level of cube reordering is shown in Fig. 9 . The number of the ancilla bits in this case is equal to n 2 but the number of gates is given by h * 2 (h is the number of 'c' and 'n' elements on the topmost position in every column in Table 6 ).
To summarize the proposed method can be used to design circuits in the following ways:
1. Design circuit with the number of Toffoli gates equal to k − h where k is the total number of 'c' and 'n' elements in the Table 6 . Thus from Table 6 one can design a circuit with exactly 26 − 1 = 25 Toffoli gates. This includes one CNOT gates in the first column. The number of ancilla bits is equal to k − j where j is the number of control bits in the Toffoli gate at the bottom of each column. Thus the circuit realizing the function from Table 6 requires 10 − 1 = 9 ancilla bits 2. Design circuit with number of gates equal to (k − h) * 2 and with the number of ancilla bits equal at maximum to the number of input bits; in the case of the Table 6 the maximal number of ancilla bits is thus 11.
Cost Reduction and Variable Reordering
Among the several improvements that are possible to the proposed approach, in this section we present two heuristics. Variable reordering is a well known method in the Boolean function minimization and has been widely used in various aspects including [12] [13] [14] [15] [16] [17] [18] . The principle consists of swapping a set of variables in the function. This process often results in more optimal function representation and thus allows a considerable cost reduction in the final function realization. The variable reordering algorithm used in this paper is illustrated by the pseudo-code for algorithm 2. Best Order = ordering i 10: end if 11: ordering j = change ordering(ordering i ) 12: end for Lines 1 and 2 in the pseudo-code 2 initialize the number of tested variable permutations called configurations and the array storing the current variable ordering respectively. Line 3 and 4 initialize the Best Cost to a maximum value (always overshooting even the worst possible cost of the circuit) and Best Order to an empty set respectively. The Best Cost variable holds the cost of the circuit calculated from the number of gates and the Best Order variable holds the ordering of the variables corresponding to the best cost. Here the worst possible cost of a given circuit is estimated as the number of control inputs × number of input vectors; an input vector is each input cube specified in the input file. In this paper the selection of variables to swap is a random process because the best known variable order is not known.
The best possible ordering of the vectors in this case is such that will generate the circuit with minimal number of Toffoli gates, e.g. such ordering that would allow to eliminate as many as possible of Toffoli gates. The random variable ordering however does not always generate the same results and thus in the testing process the evaluation of the variable reordering was performed multiple times in order to confirm the best result.
The cost reduction heuristic is based on the following principles:
1. remove all Toffoli gates that are not required 2. replace adjacent Toffoli gates by CNOT gates whenever possible.
Principle (1) means that as shown in Example 3.2, Toffoli gates used to realize a particular input vector (cube) use a certain amount of the available ancilla bits. Each time a given ancilla bit is required by another following input vector the ancilla bit must be restored to the initial value so it can be re-used.
Principle (2) is used to minimize adjacent Toffoli gates when such gates does not depend on previous variables. For instance, Figure 10 shows where two Toffoli gates can be replaced by one CNOT gate. Figure 10 shows a circuit implementing the function f = abcd ⊕abcd ⊕abcd ⊕ abcd. Figure 10 (a) is a direct mapping using only Toffoli gates. Figure 10(b) shows how certain Toffoli gates can be directly replaced by CNOT gates. The Toffoli gates that can be directly replaced are only those that are either on the beginning or at the end of the product term. We call these Toffoli gates the free Toffoli gates. Observe that literals in such terms are also such literals that are the first to change in the hierarchy of the variables. The gates that are considered to be at the beginning of a product term are the Toffoli gates in the dashed boxes labeled α. The gates considered to be at the end of a product term are the Toffoli gates labeled β .
In more details, the principle (2) can be directly formalized as follows. Let x 0 , . . . , x k be a set of variables on adjacent k wires; starting form the top wire and ending on the k-th wire. Let a product term be given on the k variables as x 0 . . . x k and being created by a set of Toffoli gates as shown in previous examples. Then to invert k-th variable to obtain x 0 . . .x k one can use the following rule
Thus in Figure 10 starting by the term abcd one can obtain abcd by a single CNOT gate as shown in Figure 10 (b) -Toffoli gate labeled β . This particular replacement rule is used as the major cost improvement to the original cubereordering algorithm. Also observe that because of such rules the original natural order might not always be the best ordering for minimizing the adjacent cubes. Figure 11 shows the logical relations that are the base for the Toffoli to CNOT transformations. Observe that a single product term term be moved on a K-map using the EXOR operation. This corresponds to the fact that one can change a Toffoli gate output (product term) to any adjacent product terms by a single CNOT gate. Thus, whenever there are two Toffoli gates that differ in single control bit, the second Toffoli gate can be replaced by a CNOT gate as shown in Figure 10 .
The property described in eq. 1 implicitly restrict the usage of the CNOT gates to only the free Toffoli gates. The free Toffoli gates thus represent such gates that can be replaced by single CNOT gates. In particular this means that for two adjacent product terms each built from a set of m Toffoli gates and with common l top-most Toffoli gates, the first Toffoli gate that has different one of the control bit can be replaced by a CNOT gate. This is effectively the case of the Toffoli gates labeled α and β in Fig 10. The most important about this property is the fact that in the presented circuit structure the replacement rule removes two Toffoli gates. This is because Toffoli gates with the control bits located on the same bits will generate the output on the same ancilla bit. In such case it is necessary to first restore the ancilla bit -by applying one Toffoli gate -and then apply the next Toffoli gate. In such case, both Toffoli gates are replaced by a CNOT gate. Table 7 shows the results of the synthesis method for the benchmarks from the RevLib web-site. The table compares the obtained results to the best reported results in the repository and as can be seen that our algorithm performs quite well for the incompletely specified functions. In fact for the benchmarks that includes functions with a high number of don't cares the algorithm outperforms the best currently reported results.
Experiments
Because the method currently only supports single output functions, the benchmarks presented include only single output reversible functions. The functions in Table 7 are all such that even if the defined function is defined with more than single output bit, at any given time for any given input only a single output bit is flipped.
The first three columns of the Table 7 are the name, the number of inputs (I) and the number of outputs (O) of the benchmark function respectively. The next column B.P.R.R., is the best previously reported result and the final four columns represent the proposed method and various improvements made to the original CR algorithm. Each result reporting column contains three sub-columns; each representing the number of gates (G), the quantum cost (C) and the number of ancilla bits (A) in the designed circuit, respectively.
The column labeled 'Method 1' represents the results of the CR synthesis algorithm assuming no Toffoli gate repetition for variable restoration. This results in a very large amount of ancilla bits. This corresponds to the approach shown in the Fig. 8 . The ancilla bits have not been counted because the method is very wasteful. The results of method 1 are used as the lowest bound on the number of required gates. Method 2 is using the same principle of design as method 1 but the number of Toffoli gates is doubled (each ancilla bit is restored after being used). Using Method 2 the number of the ancilla bits is at maximum equal to the number of input bits because for each Toffoli gate the ancilla bit used is recycled after being used. Method 3 is the optimized method of removal of the redundant Toffoli gates. The method 3 corresponds to the example described in Fig. 9 . Finally the column 'Method 4' shows the results obtained when the results of the method 3 have been improved using the variable reordering and the Toffoli to CNOT rewriting rules as shown in Section 4. From Table 7 it can be seen that our method performs relatively well when used to design circuits with a high number of don't cares. Also, because of the simple representation of the function the method can be used to design circuits with even a very large number of bits. The benchmarks are represented using three different methods.
Observe that as expected the improvements obtained when using the minimization depends on the type of function. This can be seen when looking at the range of the provided cost reduction. This amount can be calculated as the ration r r = 1 − The observation of these results brings out an interesting point. In fact as it can be expected, the natural ordering of cubes (on which the CR algorithm is based) can be clashing with some of the replacement techniques used to minimize the reversible circuits. For instance, having two adjacent cubes that differ in a single variable might not be the natural order but can be easily minimized using the CNOT substitution rule. Thus an optimal algorithm would require to take all such issues in the scope and the result would indeed be much more minimized circuits.
Finally, it can be pointed out that the method 1 represents also only the upper bound of the complexity of the designed circuits. This can be seen on the circuit shown in Fig. 12 . This circuit when designed using the method 1 has 26 gates but when designed using method 2 it only has 29 gates. This is because not all garbage bits are reused and thus do not have to be restored for later usage. This also means that a smart strategy for the removal of the Toffoli gates will lead to circuits that in some cases are much cheaper and in some other case slightly cheaper than the costs shown in Table 7 (Method 3). The improvement brought by the minimization techniques of the circuit from Figure 12 is shown in Figure 13 . 
Conclusion
In this paper we presented an approach to the synthesis of incompletely specified reversible functions. The approach is based on a simple heuristic that regroup similar cubes and order the circuit in a left-to-right and top-to-bottom order. This allows to eliminate redundant Toffoli gates and thus to minimize the circuit cost.
The natural next step in the development of the algorithm is a generalization to multi-output functions. Also the algorithm currently orders only the inputs and thus a more general method of combining the output and input ordering will be also implemented. The current gate counting is still not-optimal. This is because in most of the cases the input vector can be realized in such manner that only certain ancilla bits must be reused for the realization of a given input. This is due to the fact that not all ancilla bits that are used for the realization of a certain input cube are also used for mutually exclusive input cubes and thus can be used multiple times for a single input vector. In fact as it can be expected an exact method minimizing the circuits to their bare minimum will come close to circuits designed by method 1 (the lower bound of the number of gates) because if the ordering is properly done, in most cases ancilla bits will be used by only mutually exclusive cubes. This is true in the case of the completely defined functions, where the same cubes can be combined and each ancilla bit is used by a single Toffoli gate for each data input. Finally, the long-term future work consists in improving the proposed algorithm by heuristics and more sophisticated methods for Toffoli gates elimination such as template replacement and high level input and output data pattern detection.
